The distance distribution function contains all the accessible information about the scattering medium. It is possible to determine the following particle parameters from this function: maximum dimension of the particle, radius of gyration, and zero-angle intensity (molecular weight). The shape of the distance distribution function enables one to distinguish and to recognize directly and rationally the following types of particles: compact globular particles; particles elongated in one dimension, with constant and with variable cross-section; spherical vesicles. The thickness of flat particles as well as the inner and outer diameter of spherical vesicles can be determined from the distance distribution functio,L Inhomogeneous particles with at least two regions of electron densities differing in their signs show typical features in the distance distribution. These characteristics can be found without further assumptions, independently of the shape of the particle. For concentric shells with different electron densities it is possible to obtain some general information about their structure. Residual concentration effects cannot be overlooked in real space. The formation of dimers can be analyzed with the aid of the distance distribution function.
Introduction
Each scattering function (reciprocal space) of a particle corresponds to a distance distribution function (real space). The unique connection between these two functions is given by a Fourier transformation. The methods for interpretation of scattering functions are well documented (Mittelbach, 1964) . The difficulties in the interpretation of scattering functions are caused by the highly abstract nature of reciprocal space. It is very difficult to deduce errors of the model from the deviations of the experimental scattering curve from the model scattering curve.
In the following a survey is given of some of the information that can be determined from the distance distribution function and how this can be carried out.
Definitions
The distance probability fimction or characteristic func-0021-8898/79/020166-10 $01.00 tion of a particle 7(r) has been introduced by Porod (1951) [in the reference H(x)]. This function is usually normalized to unity at the point r= 0. The normalized function is written as ?0(r).
Mathematically, the function ?'(r) is defined as the three-dimensional convolution square of the electron density difference ¢ averaged over all directions in space:
),(r) = ~-0(Xk) • Q(Xk + r)dvkdCO, t"
r=lrl.
(1)
If the electron density difference Q is constant (6 =0c 
where h = (4rr/2) sin 0, 2 is the wavelength of the radiation, 20 is the scattering angle. Therefore l sinhr ~(r) = ~ l(h)h 2 ~ dr.
Comparison of equation (4) with the Debye equation for a molecular gas (Debye, 1930) shows that the function p(r) = ylr)r 2 (6) (multiplied by the factor 4re) is the distance distribution function [Kratky & Porod, 1948 , in the reference called ~,(x)].
This function multiplied by the factor 4re represents the number of pairs of difference electrons separated by the distance r which are found in the combination of any volume element i with any other volume element k of the same particle. The number of difference electrons is given by the number of pairs of volume elements multiplied by the product of the number of difference electrons situated in these volume elements. Two regions with different sign of the difference electron density give negative contributions to the p(r) function.
Essential information on the shape of the particle can be determined from the p(r) function without additional hypotheses. The first examples were given by Porod (1948) .
The p(r) function drops to zero at r=D, where D is the maximum dimension of the particle. The scattering intensity at zero angle (h = 0) can be calculated from equations (4) and (1): (Guinier & Fournet, 1955) . In (7), ~6 is the mean difference electron density
I)
The radius of gyration is defined in the same way as the radius of inertia in mechanics. Its square is proportional to the normalized second moment of the p(r) function and is given by the equation
2 f p(r)dr (Porod, 1951) .
The maximum dimension can be read from the function p(r), and the radius of gyration and the zero intensity can be computed from this function. A particular case is given by lamellar particles. The number of distances in a plane is equal to 2~rv(r). In analogy to the distance distribution of the whole particle p(r), see equation (6), we define the distance distribution of a plane by f(r)=7(r)r= p(r)/r.
(10)
Computation of the distance distribution functions
The distance distribution function p(r) can be computed from the smeared, unsmoothed experimental scattering data by the indirect transformation method if rough a priori information on the total size of the particle D is available (Glatter, 1977a, b) . This method does not require an extrapolation of the scattering curve (Guinier extrapolation, . Any remaining background scattering does not impair the quality of the result appreciably. The propagated statistical error band shows the accuracy of the p(r) function.
The transformation of a small part of a simulated scattering function of a sphere is given in Fig. 1 .
Although the distance distribution functions of models can be calculated analytically only for a few types of particles, these analytical expressions are very helpful in discussing the general behavior of these functions for a class of particles.
Additional information about the qualitative behavior of the distance distribution functions can be found from functions which are computed numerically from model scattering functions. This procedure demands the computation of a large number of functions to find the qualitative dependence on the structure parameters.
Both types of findings, numerical as well as analytical, may be used as necessary but not sufficient conditions. In other words, a model has to show the proper qualitative behavior in order to be a possible structure, but there is no proof that this particular model is the only one with these characteristics.
These problems are well known from the interpretation of scattering curves.
Conclusions stated in the following part of this paper are obtained from the results of model calculations from several hundred models. This large amount of material, together with basic considerations of the influence of the structure of a particle on the distance distribution functions indicates some general features which are in perfect agreement with all test models. Of course, such an agreement can never be a formal proof.
Another important question is the accuracy of the numerical calculations of the scattering intensities and of the distance distribution functions. The computation of many model scattering functions can be done semianalytically (Porod, 1948; Mittelbach & Porod, 1961a , b, 1962 Mittelbach, 1964) . Numerical integration is necessary for the spatial average. The numerical error of these integrations can be kept below any finite limit. Another method for the computation .of scattering curves is the division of the model into a large number of elements. The size of these elements gives a limit for the maximum scattering angle. The termination effect of the subsequent Fourier transformation depends on this maximum scattering angle and the angular increment.
All calculations have been performed with such a resolution that the total error of the distance distribution functions is below two percent of the maximum value. The graphical inaccuracy of the figures is about one percent. A survey of the details of computation of the examples in the figures is given in Table 1 .
Interpretation of the distance-distribution functions p(r) and f(r)
The possibilities and limitations of the interpretation of the p(r) function will be demonstrated by some typical examples.
The distance distribution of a sphere is known analytically (Porod, 1948) 1"
where D is the diameter of the sphere. The maximum is near r=D/2 (x'~_0-525) ( Fig. 1) . All model functions considered in the tests show the general feature that the ratio r(max)/D, where r(max) is the r value of the maximum of the p(r) function, is lowered for any deviation from a sphere.
The general behavior for particles without voids shows that the ratio r(max)/D decreases in the following sequence: globular particles, flat particles, rod-like particles. These findings can be understood by the following considerations: long distances contribute in globular particles from three dimensions, in flat particles from two dimensions, and in rod-like particles only from one dimension. This logical argument and the test calculations lead to the same qualitative conclusion, but a general analytical proof for this statement cannot be given.
One important type is particles elongated in one direction which have a constant cross section of arbitrary shape (long cylinders and prisms). The cross section F (with maximum dimension d) should be Table 1 . 
Details of computation of the examples in the figures
Experimental ITP small in comparison with the length L of the whole general features can easily be demonstrated qualitaparticle; tively by a linear assembly of spheres. It follows from (13) that the slope of the linear part d< L, L=(D 2-d2)a/2~D.
(12) is proportional to the square of the area of the cross-In this approximation, p(r) is zero for any r >D. The " section; function p(r) will increase constantly with decreasing r values starting from r = L. If the electron density is
see Fig. 2 . The integration of the p(r) function (13) from 0 to L leads to
"-, 5 I.
in agreement with (7) and the formula for infinite thin needles (Porod, 1948) .
Deviations from (13) appear as soon as the condition in (12) is not fulfilled, and the dimension of the cross section is no longer negligibly small. Although no general analytical description of the p(r) function in this region is known, the tests show that p(r) has a maximum in the region O<r<d (the actual position depends on the shape of the cross section and on the ratio d/D) and is linear for r>d (see Fig. 3 ). These Differences in the areas of the cross-sections can be recognized by comparison of measurements after normalization to absolute intensity. The test calculations have shown that an approximate limit for the occurence of a linear part can be found from the condition
see Fig. 3 .
The form of the p(r) function of particles elongated in two dimensions (discs, flat prisms) is more complicated. An analytical expression can be given for infinite thin circular discs (Porod, 1948) ; An expansion into a power series shows that the first non-vanishing term is the linear one. The characteristics of the p(r) function can be studied with the aid of a model. We take a point in the center of a lamella. Starting from r=0, the number of distances will increase with the second power of r corresponding to the surface of the sphere 4~r 2 (Fig. 4a) . As soon as we reach the thickness d, i.e. r > d, the number of distances increases linearly corresponding to the surface of the cylinder 27trd (Fig. 4b ). The p(r) function decreases because of losses on the boundary corresponding to the overall shape ( Fig. 4c ) and becomes zero at r = D. We can expect an increase with second power in the region where r < d, a linear increase for r > d [first term of the power series in (17)] and a drop to zero at r= D. This is shown in Fig. 5 for three lamellae of different thickness d. The transition at r=d cannot be seen clearly in this plot. Only a convex behaviour at r>d can be recognized distinctly. The f(r) function (10) is more favourable for lamellar particles. The f(r) functions corresponding to the lamellae in Fig. 5 are plotted in Fig. 6 . As expected, the curves start with a linear increase. At r=d the curves become almost linear slightly decreasing functions (boundary losses). The thickness d of the particle can be read off from the transition point.
The limiting value A of the function f(r) resulting from the extrapolation of the quasi-linear part following the transition point towards r= 0, contains information on the area of the basal plane of the lamella, according to
Qff f 2=rd
QZFd2 -oZVd (18) A= f(r)l,~,O= r ~dv-2 2
The extrapolation to r= 0 is more accurate the larger the ratio D/d (see Fig. 6 ). In practice the shape of the function f(r) will allow the recognition of lamellar particles and the determination of their thickness. The transition from elongated rods with compact cross-sections to elongated lamellae is analyzed with the aid of three prisms (a:b:c) with constant crosssection (ab = constant) and constant length c = L (see Fig. 7a ). The ratio of the edge lengths is: (1) 4:4:40,
(2) 2:8:40 and (3) 1 : 16:40. The corresponding p(r) functions show a linear descent with the same slope dp/dr, since all the particles are elongated, have the same cross-section, and fulfill condition (16). The increasing dimension of the cross-section from (1) to (3) causes a decrease in the length of this linear descent and a shift of the maximum to larger r values. The increasing lamellar character can be seen from the f(r) functions in Fig. 7(b) . The quadratic prism (1) does not indicate any lamellar structure, whereas the lamellar prisms (2) and (3) can be easily recognized. The thickness d and the basal area F = bc can be estimated. dimension D than the sphere and the maximum of the p(r) function is at smaller r values. These properties are most significant for the prolate ellipsoid. The varying cross-section of the prolate ellipsoid causes a non-linear descent of the p(r) function against r. The difference from a rod-like particle with constant cross-secton is obvious. On the other hand, the oblate ellipsoid can be recognized as a flat particle by the function f(r).
The limits of interpretation of small-angle scattering results are demonstrated by the distance distribution of a similar flat prism (1:1:0.23). The differences between the prism and the oblate ellipsoid are so in-significant that they may be within experimental error.
The hollow sphere is the hollow particle of greatest practical importance. The characteristic function 7(r) of hollow spheres was used by Schmidt (1955) for the calculation of the effect of the collimating system. An approximative analytical formulation of this characteristic function for very thin spherical shells was given by Federova & Emelyanov 11973). The exact formulae for a hollow sphere have been derived by the author from the volume of the overlap of the particle and its 'ghost' shifted a distance r (Guinier & Fournet, 1955) . The results can be expressed analytically in four parts: with Ri for the inner radius and Ra for the outer radius (2R,=D). The p(r) function starts with second power at small r values (the corresponding coefficient is the particle volume), a term in the third power of r (the coefficient is a quarter of the total surface) and a term of fifth order. It fits continously into the linear ascent at r = d= R~-Ri (d= thickness of the wall) which is left at r = D-2d = 2Rv The p(r) decreases and coincides with the p(r) function of a full sphere between r=D-d and r = D.
For thin spherical shells we can write for the linear part. The limiting case of an infinitely thin spherical shell corresponds to a special case of a flat particle. Therefore, it is interesting to study the f(r) function. The linear region is horizontal because of the special geometrical shape of the body. The height of the plateau is, in analogy with (18), given by (19) and (20) Although there exists no proof that such a horizontal plateau can be produced only by hollow spheres, no other type of structure has been published that shows this feature. The transition from a thin-walled sphere to a full sphere is shown in Figs. 9 and 10 .
Scattering curves from inhomogeneous particles contain two types of information, the shape and the internal structure of the particle. As an example the p(r) function of an elongated cylinder with constant electron density along the cylinder axis and varying electron density with cylindrical symmetry Q(x), where x is the distance to the cylinder axis, is shown in Fig. 11 . The p(r) function differs within the dimensions of the cross-section in comparison with the p(r) function of the homogeneous cylinder. There is still a linear descent at large r values. Its slope is given by the following equation: dp
F is the area of cross-section and
O~=F-~F
A comparison with the corresponding homogeneous cylinder shows that the maximum of the p(r) function of the hollow cylinder is located at larger distances since the small distances from the core are missing. The slope of the linear descent is lower, caused by the smaller area of the cross-section. The p(r) function of the inhomogeneous cylinder shows a negative region. The contributions from connections of parts with electron density of different signs predominate. The maximum is caused by the outer shell (see hollow cylinder). Q(x) on the right side.
The distance distribution function of inhomogeneous, centrosymmetrical thin hollow spheres deviates within the two regions 0_< r < d and Di < r_< D from the distance distribution of a homogeneous particle with the same dimensions (Laggner, Gotto & Morrisett, 1979 ticles are spherical (sharp minima in the scattering curve) and that the shells have approximately the same dimensions (thickness) (Fig. 12) . The inner diameter of the outermost shell can be estimated from the point of inflexion between the last extrema. The evaluation of the radial electron density can only be done by the Fourier transformation of the scattering amplitude (Glatter, 1977a) . The formation of dimers can be analyzed qualitatively by use of the p(r) function. An illustrative example is given in Fig. 13 . A prolate ellipsoid with an axial ratio 1:1:2 is taken as monomer. The p(r) function of the monomer indicates an elongated particle with decreasing cross-section towards the ends. The difference distance distribution of the lines connecting the two subunits in the dimer results from the subtraction of the distance distribution of the two monomers from the distance distribution of the dimer. The difference between the parallel (Fig. 13a ) and the linear arrangement (Fig. 13b) is obvious. Nearly the whole difference distribution of the parallel arrangement lies within the distance distribution of the monomer, whereas the linear arrangement contributes up to twice the maximum dimension of the monomer. The two rectangular configurations of T-type ( Fig. 13c ) and L-type (Fig. 13d ) lie between the linear and parallel arrangements. The maximum of the difference distribution is at larger r values for the L-type compared with the T-type. For such a rough analysis it is not necessary to have an exact shape analysis of the monomer. Similar considerations can be used for the formation of dimers from lamellar monomers.
Interparticle interference, which is not negligible at high concentrations, leads to a decrease of the scattering function at small angles (Guinier & Fournet, 1955) . (2hR) where v=8vo/v~ is the packing parameter, R is the radius of the sphere and cb(hR) is the scattering amplitude of a sphere with radius R.
Equation (25) is a rough approximation which is not the best description for interference effects known in liquid theories, but is a simple expression that represents very well the experiments with the usual concentrations (Damaschun, Damaschun, Ptirschel & Ruckpaul, 1973) . This formula will not be sufficient if the interference effects themselves are studied, but in this work these effects are treated as perturbations of an ideal situation.
The scattering curves for such a hard-sphere model are shown in Fig. 14. The apparent radius of gyration decreases with increasing concentration (Fig. 15 ). The length of the linear range of the Guinier plot can be extended by the interference effect for nonspherical particles. Thus an elongated linear Guinier plot is no measure of the completeness of the elimination of the concentration effect. Remaining concentration effects cannot be recognized in reciprocal space.
The distance distribution is affected considerably by interparticle interference. It is lowered with increasing distance r, goes to a negative minimum in the region of the maximum distance D of the particle and the oscillations vanish at larger r values. This is shown for the hard-sphere model in Fig. 16 .
The same behaviour can be found from experimental curves. The concentration dependence of the p(r) function of haemocyanin from Astacus Leptodactylus (Pilz, Goral, Lontie & Witters, 1979) is illustrated in Fig. 17 . to zero, ..... c=4.8 mg/g, -..... c=21.6 mg/g, ---c=48"0 mg/g.
Conclusion
Although analytical expressions can be given only for a small number of particles it is possible to state some general characteristics of the distance distribution functions. These conclusions are derived from a large number of numerical calculations with an error limit of a few percent. Only a small number of typical functions are shown for illustration in the figures. Of course, these characteristics are not rigorously established in the sense of an analytical proof. Nevertheless, the systematic discussion of scattering results in terms of the distance distribution functions is shown to be for many cases a useful aid towards the structural interpretation, in addition to the more conventional procedures of model-fitting in reciprocal space.
